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In this paper, we introduce the notion of fuzzy hyperlattices and establish connections
between fuzzy hyperlattices and hyperlattices. Then we discuss the relations between
the weak homomorphism of fuzzy hyperlattices and the weak homomorphism of
corresponding hyperlattices. Moreover, we define and analyze the hypercongruence on
hyperlattices and the fuzzy (strong) hypercongruence on fuzzy hyperlattices. And we
study the interrelation between the (fuzzy) hypercongruence on (fuzzy) hyperlattices
and the homomorphism of (fuzzy) hyperlattices. Also, a relation between the fuzzy
hypercongruence on fuzzy hyperlattices and the hypercongruence on corresponding
hyperlattices is obtained. Finally, we apply the hypercongruence and the fuzzy strong
hypercongruence to construct quotient structures of hyperlattices and fuzzy hyperlattices,
respectively.
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1. Introduction
Hyperstructures were introduced in 1934 by a French mathematician, Marty [1]. Since then, a lot of researchers have
focused on this topic. And there appeared many components of hyperalgebras such as hypergroups in [2], hyperrings in [3],
hyper BCI-algebras in [4] etc. In particular, the hyperlattice was introduced in [5]. In [6,7], the distributive hyperlattices
and the ideal of hyperlattices were introduced and studied, which developed the theory of hyperlattices. Nowadays,
hyperstructures have a lot of applications in several domains of mathematics and computer science (see [8,9]).
Algebraic structures play a prominent role in mathematics with wide ranging applications in many disciplines such as
theoretical physics, computer sciences, control engineering, information sciences, coding theory, topological spaces and so
on. This provides sufficient motivations for researchers to review various concepts and results from the realm of abstract
algebra to a broader framework of fuzzy setting. The study of fuzzy hyperstructures is an interesting research topic of fuzzy
sets. There is a considerable amount of work on the connections between fuzzy sets and hyperstructures (see [10–12]).
Recentlymany papers have beenwritten on fuzzy hyperstructures (see [13–19]). For example, fuzzy hypersemigroups were
introduced and analyzed by Sen in [13], the fuzzy hypermodule notion was defined and studied in [16], and the notion of
fuzzy topological hypergroupoid was studied by Cristea and Hoskova in [17] etc.
The rest of the paper is organized as follows. In Section 2we recall some basic notions on hyperoperation and hyperlattice
theory. In Section 3 we introduce the notion of fuzzy hyperlattices and study connections between fuzzy hyperlattices and
hyperlattices. In Section 4we consider the homomorphismof fuzzy hyperlattices. In Section 5we apply the hypercongruence
and the fuzzy strong hypercongruence to construct quotient structures of hyperlattices and fuzzy hyperlattices, respectively.
2. Preliminaries
In this section, we recall some notions and definitions (see [5,20,21]) that will be used in the sequel.
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Let L be a nonempty set and P∗(L) be the set of all nonempty subsets of L. A hyperoperation on L is a map ◦ : L× L −→
P∗(L), which associates a nonempty subset a ◦ b with any pair (a, b) of elements of L × L. The couple (L, ◦) is called a
hypergroupoid.
If A and B are nonempty subsets of L, for a, b, x ∈ L, then we denote
(1) x ◦ A = {x} ◦ A =a∈A x ◦ a, A ◦ x = A ◦ {x} =a∈A a ◦ x;
(2) A ◦ B =a∈A,b∈B a ◦ b.
In what follows, let us see what a lattice is.
Definition 2.1 ([20]). Let L be a nonempty set endowed with operations ‘‘∧’’ and ‘‘∨’’. If (L,∧,∨) satisfies the following
conditions: for all x, y, z ∈ L,
(1) x ∧ x = x, x ∨ x = x;
(2) x ∧ y = y ∧ x, x ∨ y = y ∨ x;
(3) (x ∧ y) ∧ z = x ∧ (y ∧ z), (x ∨ y) ∨ z = x ∨ (y ∨ z);
(4) (x ∧ y) ∨ x = x, (x ∨ y) ∧ x = x,
then (L,∧,∨) is called a lattice.
There are several kinds of hyperlattices that can be defined on a nonempty set L (see [5,22,23]). Throughout the paper,
we shall consider one of the most general types of hyperlattices, as follows.
Definition 2.2 ([5]). Let L be a nonempty set endowedwith two hyperoperations ‘‘⊗’’ and ‘‘⊕’’. The triple (L,⊗,⊕) is called
a hyperlattice if the following identities hold: for all a, b, c ∈ L,
(1) (idempotent laws) a ∈ a⊗ a, a ∈ a⊕ a;
(2) (commutative laws) a⊗ b = b⊗ a, a⊕ b = b⊕ a;
(3) (associative laws) (a⊗ b)⊗ c = a⊗ (b⊗ c), (a⊕ b)⊕ c = a⊕ (b⊕ c);
(4) (absorption laws) a ∈ a⊗ (a⊕ b), a ∈ a⊕ (a⊗ b).
Definition 2.3 ([5]). Let (L1,⊗1,⊕1) and (L2,⊗2,⊕2) be two hyperlattices. A map f : L1 −→ L2 is said to be a
(1) weak homomorphism if f (a⊗1 b) ⊆ f (a)⊗2 f (b) and f (a⊕1 b) ⊆ f (a)⊕2 f (b) for all a, b ∈ L1;
(2) homomorphism if f (a⊗1 b) = f (a)⊗2 f (b) and f (a⊕1 b) = f (a)⊕2 f (b) for all a, b ∈ L1.
If such a homomorphism f is surjective, injective or bijective, then f is called an epimorphism, a monomorphism or an
isomorphism from the hyperlattice (L1,⊗1,⊕1) to the hyperlattice (L2,⊗2,⊕2), respectively.
3. Fuzzy hyperlattices and hyperlattices
In this section,wewill introduce the notion of fuzzy hyperlattices and study connections between hyperlattices and fuzzy
hyperlattices. First, we recall some basic notions (see [13]) about fuzzy hyperstructures that we shall use in the following
paragraphs.
Let L be a nonempty set and F∗(L) be the set of all nonzero fuzzy subsets of L. A fuzzy hyperoperation on L is a map
◦ : L× L −→ F∗(L), which associates a nonzero fuzzy subset a ◦ bwith any pair (a, b) of elements of L× L. The couple (L, ◦)
is called a fuzzy hypergroupoid.
If u and v are two nonzero fuzzy subsets of a fuzzy hypergroupoid (L, ◦), for all a, x ∈ L, then we define
(1) (a ◦ u)(x) = supt∈L{(a ◦ t)(x) ∧ u(t)}, (u ◦ a)(x) = supt∈L{u(t) ∧ (t ◦ a)(x)};
(2) (u ◦ v)(x) = supp,q∈L{u(p) ∧ (p ◦ q)(x) ∧ v(q)}.
If A is a nonempty subset of L, then we denote the characteristic function of A by χA, where for all x ∈ L, we have
χA(x) =

1, x ∈ A
0, x ∉ A .
In particular, for all a, x ∈ L, if A = {a}, then we denote χ{a}(x) = χa(x), which means that χa(x) =

1, x = a
0, x ≠ a .
Let us define now the notion of a fuzzy hyperlattice.
Definition 3.1. Let L be a nonempty set endowedwith two fuzzy hyperoperations ‘‘×’’ and ‘‘+’’. The triple (L,×,+) is called
a fuzzy hyperlattice if the following identities hold: for all a, b, c ∈ L,
(1) (fuzzy idempotent laws) (a× a)(a) > 0, (a+ a)(a) > 0;
(2) (fuzzy commutative laws) a× b = b× a, a+ b = b+ a;
(3) (fuzzy associative laws) (a× b)× c = a× (b× c), (a+ b)+ c = a+ (b+ c);
(4) (fuzzy absorption laws) (a× (a+ b))(a) > 0, (a+ (a× b))(a) > 0.
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There are several kinds of fuzzy hyperlattices thatwere defined in some references (see [24,25]). For example, the L-fuzzy
hyperlattice (L,⊔,∧) in [24], in which ‘‘⊔’’ is a fuzzy hyperoperation but ‘‘∧’’ is a crisp operation. From Definition 3.1, we
can see that the fuzzy hyperlattice in Definition 3.1 is a generalization of the L-fuzzy hyperlattice. The fuzzy subhyperlattice
in [25] is a fuzzy subhyperalgebra, which is completely different from the fuzzy hyperlattice in Definition 3.1.
It is time to give some examples of fuzzy hyperlattices.
Example 3.2. Let (L,∧,∨) be a lattice. If we define the following two fuzzy hyperoperations on L: for all a, b ∈ L, a × b =
χ{a,b} and a+ b = χa∧b, then (L,×,+) is a fuzzy hyperlattice.
Proof. Clearly, the identities (1) and (2) of Definition 3.1 hold.
(3) We have to check the fuzzy associative laws. For all a, b, c, x ∈ L, we have
((a× b)× c)(x) = sup
t∈L
{(a× b)(t) ∧ (t × c)(x)}
= sup
t∈L
{χ{a,b}(t) ∧ (t × c)(x)}
= (a× c)(x) ∨ (b× c)(x)
= χ{a,c}(x) ∨ χ{b,c}(x)
= χ{a,b,c}(x)
and
(a× (b× c))(x) = sup
t∈L
{(a× t)(x) ∧ (b× c)(t)}
= sup
t∈L
{(a× t)(x) ∧ χ{b,c}(t)}
= (a× b)(x) ∨ (a× c)(x)
= χ{a,b}(x) ∨ χ{a,c}(x)
= χ{a,b,c}(x).
Hence (a× b)× c = a× (b× c). Similarly, we can prove that (a+ b)+ c = a+ (b+ c).
(4) Now, let us check the fuzzy absorption laws. For all a, b ∈ L, we have
(a× (a+ b))(a) = sup
t∈L
{(a× t)(a) ∧ (a+ b)(t)}
= sup
t∈L
{(a× t)(a) ∧ χa∧b(t)}
= (a× (a ∧ b))(a)
= χ{a,a∧b}(a) = 1 > 0;
(a+ (a× b))(a) = sup
t∈L
{(a+ t)(a) ∧ (a× b)(t)}
= sup
t∈L
{(a+ t)(a) ∧ χ{a,b}(t)}
= (a+ a)(a) ∨ (a+ b)(a)
≥ (a+ a)(a) > 0.
This completes the proof. 
In a similar way, we can give the following two examples of fuzzy hyperlattices.
Example 3.3. Let (L,∧,∨) be a lattice. If we define the following two fuzzy hyperoperations on L: for all a, b ∈ L, a × b =
χ{a,b} and for all x ∈ L,
(a+ b)(x) =

1
2
, x = a ∧ b
0, otherwise,
, then (L,×,+) is a fuzzy hyperlattice.
Example 3.4. Let (L,∧,∨) be a lattice. We define the following fuzzy hyperoperations on L: for all a, b ∈ L, a × b = χa∨b
and for all x ∈ L,
(a+ b)(x) =

1
2
, x = a ∧ b
0, otherwise,
, then (L,×,+) is a fuzzy hyperlattice.
In what follows, let us study connections between fuzzy hyperlattices and hyperlattices.
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Starting now with a fuzzy hyperlattice (L,×,+) and defining the following hyperoperations on L: for all a, b ∈ L,
a⊗ b = {x ∈ L|(a× b)(x) > 0} and a⊕ b = {x ∈ L|(a+ b)(x) > 0}, then we can obtain a hyperlattice, as follows.
Theorem 3.5. If (L,×,+) is a fuzzy hyperlattice, then (L,⊗,⊕) is a hyperlattice, which is called the associated hyperlattice.
Proof. Clearly, the identities (1) and (2) of Definition 2.2 hold.
(3) Now, let us check the associative laws. First, we will show that for all a, b, c ∈ L, we have a⊗ (b⊗ c) = (a⊗ b)⊗ c .
For all x ∈ L, if x ∈ a ⊗ (b ⊗ c), then there exists y ∈ b ⊗ c , such that x ∈ a ⊗ y. This means that (b × c)(y) > 0 and
(a× y)(x) > 0. Hence
(a× (b× c))(x) = sup
t∈L
{(a× t)(x) ∧ (b× c)(t)} ≥ (a× y)(x) ∧ (b× c)(y) > 0.
Since a× (b× c) = (a× b)× c , it follows that ((a× b)× c)(x) > 0. This means that supt∈L{(a× b)(t) ∧ (t × c)(x)} > 0,
hence there is t ′ ∈ L, such that (a × b)(t ′) > 0 and (t ′ × c)(x) > 0. This shows that t ′ ∈ a ⊗ b and x ∈ t ′ ⊗ c. So we get
x ∈ (a ⊗ b) ⊗ c . Therefore, a ⊗ (b ⊗ c) ⊆ (a ⊗ b) ⊗ c. Conversely, we have (a ⊗ b) ⊗ c ⊆ a ⊗ (b ⊗ c). So we obtain the
equality a⊗ (b⊗ c) = (a⊗ b)⊗ c . Similarly, we can prove that a⊕ (b⊕ c) = (a⊕ b)⊕ c.
(4) We prove that the absorption laws hold. For all a, b ∈ L, since (a× (a+ b))(a) = supt∈L{(a× t)(a)∧ (a+ b)(t)} > 0,
then there is t ′ ∈ L, such that (a+b)(t ′) > 0 and (a× t ′)(a) > 0. This shows that there exists t ′ ∈ a⊕b, such that a ∈ a⊗ t ′.
Therefore, a ∈ a⊗ (a⊕ b). In a similar way, we can get a ∈ a⊕ (a⊗ b).
Combining the above arguments, we have that (L,⊗,⊕) is a hyperlattice. 
Now, starting with a hyperlattice (L,⊗,⊕) and defining the following fuzzy hyperoperations on L: for all a, b ∈ L,
a× b = χa⊗b and a+ b = χa⊕b, then we can get a fuzzy hyperlattice, as follows.
Theorem 3.6. If (L,⊗,⊕) is a hyperlattice, then (L,×,+) is a fuzzy hyperlattice, which is called the associated fuzzy
hyperlattice.
Proof. It is easy to see that the identities (1) and (2) of Definition 3.1 hold.
(3) We have to check the fuzzy associative laws. For all a, b, c, x ∈ L, on the one hand, we have
((a× b)× c)(x) = sup
t∈L
{(a× b)(t) ∧ (t × c)(x)}
= sup
t∈L
{χa⊗b(t) ∧ χt⊗c(x)}
=

1, if x ∈ (a⊗ b)⊗ c
0, otherwise.
On the other hand,
(a× (b× c))(x) = sup
t∈L
{(a× t)(x) ∧ (b× c)(t)}
= sup
t∈L
{χa⊗t(x) ∧ χb⊗c(t)}
=

1, if x ∈ a⊗ (b⊗ c)
0, otherwise.
We obtain (a×b)×c = a×(b×c), since a⊗(b⊗c) = (a⊗b)⊗c . Similarly, we can prove that (a+b)+c = a+(b+c).
(4) Now we verify that the fuzzy absorption laws hold. For all a, b ∈ L, we have
(a× (a+ b))(a) = sup
t∈L
{(a× t)(a) ∧ (a+ b)(t)}
= sup
t∈L
{χa⊗t(a) ∧ χa⊕b(t)}
= χa⊗(a⊕b)(a)
= 1 > 0;
(a+ (a× b))(a) = sup
t∈L
{(a+ t)(a) ∧ (a× b)(t)}
= sup
t∈L
{χa⊕t(a) ∧ χa⊗b(t)}
= χa⊕(a⊗b)(a)
= 1 > 0.
This completes the proof. 
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Summarizing Theorems 3.5 and 3.6, we have the following facts.
Denote by FHL the class of all fuzzy hyperlattices and by HL the class of all hyperlattices. We can establish the following
two maps:
(1) ψ : FHL −→ HL, ψ((L,×,+)) = (L,⊗,⊕), where for any for a, b ∈ L, we have a ⊗ b = {x ∈ L|(a × b)(x) > 0} and
a⊕ b = {x ∈ L|(a+ b)(x) > 0};
(2) ϕ : HL −→ FHL, ϕ((L,⊗,⊕)) = (L,×,+), where for any a, b ∈ L, we have a× b = χa⊗b and a+ b = χa⊕b.
4. The weak homomorphism of fuzzy hyperlattices and the weak homomorphism of hyperlattices
In this section, we introduce the notion of the fuzzy hyperlattice (weak) homomorphism and study connections between
fuzzy hyperlattice weak homomorphisms and corresponding hyperlattice weak homomorphisms. In order to do this, we
recall the following notions.
Definition 4.1 ([26]). Let u1, u2 are fuzzy sets on L, then we say that u2 includes u1 and we denote u1 ⊆ u2 if and only if for
all x ∈ L, we have u1(x) ≤ u2(x).
Definition 4.2 ([27]). Let f : L1 −→ L2 be a map. If u is a fuzzy set on L1, then we define f (u) : L2 −→ [0, 1], as follows: for
all y ∈ L2,
(f (u))(y) =

sup{u(x)|f (x) = y, x ∈ L1}, if f −1(y) ≠ φ
0, if f −1(y) = φ.
Remark 4.3. If f : L1 −→ L2 is a map and for all a ∈ L1, then f (χa) = χf (a). In fact, for all y ∈ L2, we have
(f (χa))(y) = sup{χa(x)|f (x) = y} =

1, if f (a) = y
0, otherwise = χf (a)(y).
Now, we introduce the notion of the fuzzy hyperlattice (weak) homomorphism, as follows.
Definition 4.4. Let (L1,×1,+1) and (L2,×2,+2) be two fuzzy hyperlattices. A map f : L1 −→ L2 is said to be a
(1) weak homomorphism if f (a×1 b) ⊆ f (a)×2 f (b) and f (a+1 b) ⊆ f (a)+2 f (b) for all a, b ∈ L1;
(2) homomorphism if f (a×1 b) = f (a)×2 f (b) and f (a+1 b) = f (a)+2 f (b) for all a, b ∈ L1.
If such a homomorphism f is surjective, injective or bijective, then f is called an epimorphism, a monomorphism or an
isomorphism from the hyperlattice (L1,×1,+1) to the hyperlattice (L2,×2,+2), respectively.
The next two theorems show connections between the weak homomorphism of fuzzy hyperlattices and the weak
homomorphism of corresponding hyperlattices.
Theorem 4.5. Let (L1,×1,+1) and (L2,×2,+2) be two fuzzy hyperlattices and (L1,⊗1,⊕1) = ψ((L1,×1,+1)), (L2,⊗2,⊕2)
= ψ((L2,×2,+2)) be their associated hyperlattices, respectively. If f : L1 −→ L2 is a weak homomorphism of fuzzy hyper-
lattices, then f is a weak homomorphism of the associated hyperlattices, too.
Proof. Since f : L1 −→ L2 is a weak homomorphism of fuzzy hyperlattices, we have f (a×1 b) ⊆ f (a)×2 f (b) and f (a+1 b)
⊆ f (a)+2 f (b) for all a, b ∈ L1. This means that (f (a×1 b))(y) ≤ (f (a)×2 f (b))(y) and (f (a+1 b))(y) ≤ (f (a)+2 f (b))(y)
for all y ∈ L2.
Let x ∈ a⊗1 b, whichmeans that (a×1 b)(x) > 0 and let y = f (x). Thenwe have (f (a×1 b))(y) = sup{(a×1 b)(t)|f (t) =
y, t ∈ L1} ≥ (a×1 b)(x) > 0. It follows that (f (a)×2 f (b))(y) > 0. Hence y = f (x) ∈ f (a)⊗2 f (b). So we obtain f (a⊗1 b) ⊆
f (a)⊗2 f (b). Similarly, we can prove that f (a⊕1 b) ⊆ f (a)⊕2 f (b). Therefore, f is a weak homomorphism between the
associated hyperlattices (L1,⊗1,⊕1) and (L2,⊗2,⊕2). 
Theorem 4.6. Let (L1,⊗1,⊕1) and (L2,⊗2,⊕2) be two hyperlattices and (L1,×1,+1) = ϕ((L1,⊗1,⊕1)), (L1,×2,+2) =
ϕ((L2,⊗2,⊕2)) be their associated fuzzy hyperlattices, respectively. The map f : L1 −→ L2 is a weak homomorphism of
hyperlattices if and only if it is a weak homomorphism of their associated fuzzy hyperlattices.
Proof. H⇒ Suppose that f is a weak homomorphism of hyperlattices. Let a, b ∈ L1, for any y ∈ L2.
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If y ∈ Im f , we have
(f (a×1 b))(y) = sup{(a×1 b)(x)|f (x) = y, x ∈ L1}
= sup{χa⊗1 b(x)|f (x) = y, x ∈ L1}
=

1, if (a⊗1 b)

f −1(y) ≠ φ
0, otherwise
=

1, ify ∈ f (a⊗1 b)
0, otherwise
= χf (a⊗1 b)(y) ≤ χf (a)⊗2 f (b)(y)
= (f (a)×2 f (b))(y).
If y ∉ Im f , then (f (a×1 b))(y) = 0 ≤ (f (a)×2 f (b))(y). Hence f (a×1 b) ⊆ f (a)×2 f (b).
Similarly, we can prove that f (a+1 b) ⊆ f (a)+2 f (b).
Therefore, f is a weak homomorphism of fuzzy hyperlattices.
⇐H Assume that f is a weak homomorphism of fuzzy hyperlattices. For all a, b ∈ L1, y ∈ L2, then we have (f (a×1 b))(y)
≤ (f (a)×2 f (b))(y), whence we obtain χf (a⊗1 b)(y) ≤ χf (a)⊗2 f (b)(y). This means that f (a⊗1 b) ⊆ f (a)⊗2 f (b). In a similar
way, it follows from f (a+1 b) ⊆ f (a)+2 f (b) that f (a⊕1 b) ⊆ f (a)⊕2 f (b). Hence f is a weak homomorphism of hyperlat-
tices.
This completes the proof. 
5. The fuzzy (strong) hypercongruence on fuzzy hyperlattices and the hypercongruence on hyperlattices
Here we introduce the hypercongruence on hyperlattices and the fuzzy (strong) hypercongruence on fuzzy hyperlattices
and discuss the relations of them. Also, we study the interrelation between the (fuzzy) hypercongruence on (fuzzy)
hyperlattices and the homomorphism of (fuzzy) hyperlattices, respectively. In particular, we use the hypercongruence and
the fuzzy strong hypercongruence to construct quotient structures of hyperlattices and fuzzy hyperlattices, respectively. In
order to do this, we need to give some notions, as follows.
Let (L,⊗,⊕) be a hyperlattice andρ be an equivalence relation on L. For any A, B ∈ P∗(L), we say that Aρ¯B if the following
two conditions hold:
(1) ∀a ∈ A, ∃b ∈ B such that aρb;
(2) ∀x ∈ B, ∃y ∈ A such that xρy.
Now, we can introduce the notion of the hypercongruence on hyperlattices, in the following manner.
Definition 5.1. An equivalence relation ρ on a hyperlattice (L,⊗,⊕) is said to be a hypercongruence on (L,⊗,⊕) if for all
a, a′, b, b′ ∈ L, the following implication holds: aρa′ and bρb′ imply (a⊗ b)ρ¯(a′ ⊗ b′) and (a⊕ b)ρ¯(a′ ⊕ b′).
The following theorem shows a homomorphism of hyperlattices can induce a hypercongruence on a hyperlattice. Also,
it provides a hypercongruence on a hyperlattice.
Theorem 5.2. Let (L1,⊗1,⊕1) and (L2,⊗2,⊕2) be two hyperlattices. A map f : L1 −→ L2 is a homomorphism of hyperlattices,
then ρ = ker f = {(a, b) ∈ L1 × L1|f (a) = f (b)} is a hypercongruence on (L,⊗1,⊕1).
Proof. Clearly, ρ = ker f is an equivalence relation on L1.
For all a, a′, b, b′ ∈ L1, let aρa′ and bρb′, then f (a) = f (a′) and f (b) = f (b′). Let x ∈ a⊗1 b, then f (x) ∈ f (a⊗1 b) =
f (a)⊗2 f (b) = f (a′)⊗2 f (b′) = f (a′⊗1 b′), implies that there exists y ∈ a′⊗1 b′ such that f (x) = f (y). This means that
there exists y ∈ a′⊗1 b′ such that xρy. Conversely, for any s ∈ a′⊗1 b′, there also exists t ∈ a⊗1 b such that sρt . Hence
(a⊗1 b)ρ¯(a′⊗1 b′). Similarly, we can prove that (a⊕1 b)ρ¯(a′⊕1 b′). So ρ = ker f is a hypercongruence on (L,⊗1,⊕1). 
A hypercongruence plays an important role in studying the quotient structure of hyperlattices, as the following theorem
shows.
Theorem 5.3. Let (L,⊗,⊕) be a hyperlattice and ρ be an equivalence relation on L. If we define the following hyperoperations
on the quotient set L/ρ: for all x¯, y¯, z¯ ∈ L/ρ , x¯⊗′ y¯ = {z¯|z ∈ x ⊗ y} and x¯⊕′ y¯ = {z¯|z ∈ x ⊕ y}, then (L/ρ,⊗′,⊕′) is a
hyperlattice if and only if ρ is a hypercongruence on (L,⊗,⊕).
Proof. ⇐H Suppose that ρ is a hypercongruence on (L,⊗,⊕), we will verify that (L/ρ,⊗′,⊕′) is a hyperlattice.
First, we shall prove that ⊗′ and ⊕′ are well-defined. For any x, x′, y, y′ ∈ L, let x¯ = x¯′ and y¯ = y¯′, then xρx′ and yρy′.
It follows that (x ⊗ y)ρ¯(x′ ⊗ y′) and (x ⊕ y)ρ¯(x′ ⊕ y′), since ρ is a hypercongruence on (L,⊗,⊕). Let z¯ ∈ x¯⊗′ y¯, then
z ∈ x⊗ y, implies there exists z ′ ∈ x′ ⊗ y′ such that zρz ′. This means that there exists z¯ ′ ∈ x¯′⊗′ y¯′ such that z¯ = z¯ ′, implies
z¯ ∈ x¯′⊗′ y¯′. So x¯⊗′ y¯ ⊆ x¯′⊗′ y¯′. Similarly, we can get that x¯′⊗′ y¯′ ⊆ x¯⊗′ y¯. Therefore x¯⊗′ y¯ = x¯′⊗′ y¯′. We can also show
x¯⊕′ y¯ = x¯′⊕′ y¯′. So⊗′ and⊕′ are well-defined.
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Moreover, we can check that the idempotent laws, the commutative laws, the associative laws and the absorption laws
of Definition 2.2 hold. Therefore, (L/ρ,⊗′,⊕′) is a hyperlattice.
H⇒ Assume that (L/ρ,⊗′,⊕′) is a hyperlattice, we will prove that ρ is a hypercongruence on (L,⊗,⊕). For any
x, x′, y, y′ ∈ L, let x¯ = x¯′ and y¯ = y¯′, then we get that x¯⊗′ y¯ = x¯′⊗′ y¯′ and x¯⊕′ y¯ = x¯′⊕′ y¯′, since ⊗′ and ⊕′ are
hyperoperations. Then we have that {z¯|z ∈ x ⊗ y} = {z¯ ′|z ′ ∈ x′ ⊗ y′} and {z¯|z ∈ x ⊕ y} = {z¯ ′|z ′ ∈ x′ ⊕ y′}, which
shows that for any s¯ ∈ {z¯|z ∈ x ⊗ y}, implies s¯ ∈ {z¯ ′|z ′ ∈ x ⊗ y}, conversely, for any s¯′ ∈ {z¯ ′|z ′ ∈ x′ ⊗ y′}, implies
s¯′ ∈ {z¯|z ∈ x ⊗ y}. This means that for all s ∈ x ⊗ y, there exists s′ ∈ x′ ⊗ y′ such that s¯ = s¯′, that is sρs′, conversely, for
any s′ ∈ x′ ⊗ y′, there exists s ∈ x ⊗ y such that s¯ = s¯′, that is sρs′. Hence (x ⊗ y)ρ¯(x′ ⊗ y′). Similarly, we can prove that
(x⊕ y)ρ¯(x′ ⊕ y′). Therefore, ρ is a hypercongruence on (L,⊗,⊕).
The hyperlattice (L/ρ,⊗′,⊕′) in Theorem 5.3 is called the quotient hyperlattice induced by the hyperlattice (L,⊗,⊕)
and the hypercongruence ρ on (L,⊗,⊕). 
The next theorem points out that a hypercongruence on a hyperlattice can induce a homomorphism of hyperlattices, too.
Theorem 5.4. If ρ is a hypercongruence on a hyperlattice (L,⊗,⊕), then the map π : L −→ L/ρ defined by π(a) = a¯, for all
a ∈ L is a surjective homomorphism from a hyperlattice (L,⊗,⊕) to a hyperlattice (L/ρ,⊗′,⊕′) such that kerπ = ρ .
Proof. Clearly, the map π : L −→ L/ρ is surjective.
For all a, b ∈ L, then we have π(a ⊗ b) = {π(t)|t ∈ a ⊗ b} = {t¯|t ∈ a ⊗ b} = a¯⊗′ b¯ = π(a)⊗′ π(b). Similarly,
we can get that π(a⊕ b) = π(a)⊕′ π(b). Therefore, π is a homomorphism from a hyperlattice (L,⊗,⊕) to a hyperlattice
(L/ρ,⊗′,⊕′). Now kerπ = {(a, b) ∈ L× L|π(a) = π(b)} = {(a, b) ∈ L× L|a¯ = b¯} = {(a, b) ∈ L× L|aρb} = ρ. 
The map π : L −→ L/ρ is called a natural homomorphism.
It is natural to consider the fuzzy hypercongruence on fuzzy hyperlattices and to see if there are connections between
a fuzzy hypercongruence on a fuzzy hyperlattice and a hypercongruence on the associated hyperlattice. In order to do this,
we need the following notion.
Let (L,×,+) be a fuzzy hyperlattice and ρ be an equivalence relation on L. For any u, v ∈ F∗(L), we say that uρ¯v if the
following two conditions hold:
(1) ∀a ∈ L, if u(a) > 0, then there exists b ∈ L, such that v(b) > 0 and aρb;
(2) ∀x ∈ L, if v(x) > 0, then there exists y ∈ L, such that u(y) > 0 and xρy.
Now, we can introduce the fuzzy hypercongruence on fuzzy hyperlattices, as follows:
Definition 5.5. An equivalence relation ρ on a fuzzy hyperlattice (L,×,+) is said to be a fuzzy hypercongruence on
(L,×,+) if for all a, a′, b, b′ ∈ L, the following implication holds: aρa′ and bρb′ imply (a×b)ρ¯(a′×b′) and (a+b)ρ¯(a′+b′).
A homomorphism of fuzzy hyperlattices can induce a fuzzy hypercongruence on a fuzzy hyperlattice, as the following
theorem shows.
Theorem 5.6. Let (L1,×1,+1) and (L2,×2,+2) be two fuzzy hyperlattices. A map f : L1 −→ L2 is a homomorphism of fuzzy
hyperlattices, then ρ = ker f = {(a, b) ∈ L1 × L1|f (a) = f (b)} is a fuzzy hypercongruence on (L,×1,+1).
Proof. Clearly, ρ = ker f is an equivalence relation on L1.
For all a, a′, b, b′ ∈ L1, let aρa′ and bρb′, then f (a) = f (a′) and f (b) = f (b′). Notice this, we get that f (a×1 b) = f (a)×2
f (b) = f (a′)×2 f (b′) = f (a′×1 b′). For all x ∈ L1, let (a×1 b)(x) > 0, then f (a×1 b)(f (x)) = sup{(a′×1 b′)(x′)|f (x′)
= f (x), x′ ∈ L1} ≥ (a×1 b)(x) > 0. So we have that f (a′×1 b′)(f (x)) > 0, which implies that sup{(a′×1 b′)(x′)|f (x′) =
f (x), x′ ∈ L1} > 0. This means that there exists x′ ∈ L1 such that (a′×1 b′)(x′) > 0 and f (x′) = f (x), implies (a′×1 b′)(x′)
> 0 and xρx′. Conversely, for all s ∈ L1, let (a′×1 b′)(s) > 0, then there also exists t ∈ L1, such that (a×1 b)(t) > 0 and sρt .
Hence (a× b)ρ¯(a′ × b′). Similarly, we can prove that (a+ b)ρ¯(a′ + b′). Therefore, ρ = ker f is a fuzzy hypercongruence on
(L,×1,+1). 
In order to study the quotient structure of fuzzy hyperlattices, we need to introduce the fuzzy strong hypercongruence
on fuzzy hyperlattices.
Let (L,×,+) be a fuzzy hyperlattice and ρ be an equivalence relation on L. For any u, v ∈ F∗(L), we say that u ¯¯ρv if the
following two conditions hold:
(1) ∀a ∈ L, if u(a) > 0, then there exists b ∈ L, such that v(b) > 0, u(a) = v(b) and aρb;
(2) ∀x ∈ L, if v(x) > 0, then there exists y ∈ L, such that u(y) > 0, u(y) = v(x) and xρy.
Definition 5.7. An equivalence relation ρ on a fuzzy hyperlattice (L,×,+) is said to be a fuzzy strong hypercongruence on
(L,×,+) if for all a, a′, b, b′ ∈ L, the following implication holds: aρa′ and bρb′ imply (a×b) ¯¯ρ(a′×b′) and (a+b) ¯¯ρ(a′+b′).
From Definitions 5.5 and 5.7, we can see that if ρ is a fuzzy strong hypercongruence on a fuzzy hyperlattice (L,×,+),
then it is a fuzzy hypercongruence on (L,×,+), too. Using now a fuzzy strong hypercongruence, the corresponding quotient
structure is obtained. In other words, we have the next theorem.
P. He, X. Xin / Computers and Mathematics with Applications 62 (2011) 4682–4690 4689
Theorem 5.8. Let ρ be a fuzzy strong hypercongruence on a fuzzy hyperlattice (L,×,+). If we define the following fuzzy
hyperoperations on the quotient set L/ρ: for all x¯, y¯, z¯ ∈ L/ρ , (x¯×′ y¯)(z¯) = sup{(x′ × y′)(z ′)|x′ ∈ x¯, y′ ∈ y¯, z ′ ∈ z¯} and
(x¯+′ y¯)(z¯) = sup{(x′ + y′)(z ′)|x′ ∈ x¯, y′ ∈ y¯, z ′ ∈ z¯}, then (L/ρ,×′,+′) is a fuzzy hyperlattice.
Proof. First, we shall prove that×′ and+′ are well-defined. For any x, x′, y, y′ ∈ L, let x¯ = x¯′ and y¯ = y¯′, then xρx′ and yρy′.
Since ρ is a fuzzy strong hypercongruence on (L,×,+), it follows that (x×y) ¯¯ρ(x′×y′) and (x+y) ¯¯ρ(x′+y′). This shows that
for all a ∈ L, if (x×y)(a) > 0, then there exists b ∈ L, such that (x′×y′)(b) > 0, (x×y)(a) = (x′×y′)(b) and aρb, conversely,
for all s ∈ L, if (x′×y′)(s) > 0, then there exists t ∈ L, such that (x×y)(t) > 0, (x×y)(t) = (x′×y′)(s) and sρt . Sowe can get
that for all z¯ ∈ L/ρ, then (x¯×′ y¯)(z¯) = sup{(x′ × y′)(z ′)|x′ ∈ x¯, y′ ∈ y¯, z ′ ∈ z¯} = sup{(x′′ × y′′)(z ′′)|x′′ ∈ x¯, y′′ ∈ y¯, z ′′ ∈ z¯}
= sup{(x′′ × y′′)(z ′′)|x′′ ∈ x¯′, y′′ ∈ y¯′, z ′′ ∈ z¯} = (x¯′×′ y¯′)(z¯), whence x¯×′ y¯ = x¯′×′ y¯′. In a similar way, we can show that
x¯+′ y¯ = x¯′+′ y¯′. Therefore,×′ and+′ are well-defined.
Moreover, we can check that the fuzzy idempotent laws, the fuzzy commutative laws, the fuzzy associative laws and the
fuzzy absorption laws of Definition 3.1 hold. Therefore, (L/ρ,×′,+′) is a fuzzy hyperlattice. 
The fuzzy hyperlattice (L/ρ,×′,+′) in Theorem 5.8 is called the quotient fuzzy hyperlattice induced by the fuzzy
hyperlattice (L,×,+) and the fuzzy strong hypercongruence ρ on (L,×,+).
The following theorem points out that a fuzzy strong hypercongruence on a fuzzy hyperlattice can induce a
homomorphism of fuzzy hyperlattices.
Theorem 5.9. If ρ is a fuzzy strong hypercongruence on a fuzzy hyperlattice (L,×,+), then the map σ : L −→ L/ρ defined by
σ(a) = a¯, for all a ∈ L is a surjective homomorphism from a fuzzy hyperlattice (L,×,+) to a fuzzy hyperlattice (L/ρ,×′,+′).
Proof. Clearly, the map σ : L −→ L/ρ is surjective.
For all a, b ∈ L, notice that ρ a fuzzy strong hypercongruence on a fuzzy hyperlattice (L,×,+), we can get that
(σ (a × b))(x¯) = sup{(a × b)(t)|σ(t) = x¯} = sup{(a × b)(t)|t¯ = x¯} = sup{(a × b)(t)|t ∈ x¯} = sup{(a′ × b′)(t ′)|a′ ∈
a¯, b′ ∈ b¯, t ′ ∈ x¯} = (a¯×′ b¯)(x¯) = (σ (a)×′ σ(b))(x¯). Hence σ(a× b) = σ(a)×′ σ(b). Similarly, we can get that σ(a+ b) =
σ(a)+′ σ(b). Therefore, σ is a homomorphism from a fuzzy hyperlattice (L,×,+) to a fuzzy hyperlattice (L/ρ,×′,+′). 
The map σ : L −→ L/ρ is called a natural homomorphism.
In what follows, we shall see a relation between the fuzzy hypercongruence on fuzzy hyperlattices and the
hypercongruence on corresponding hyperlattices.
Let (L,×,+) be a fuzzy hyperlattice and (L,⊗,⊕) = ψ((L,×,+)) be the associated hyperlattice, where for any a, b ∈ L,
we have a⊗ b = {x ∈ L|(a× b)(x) > 0} and a⊕ b = {x ∈ L|(a+ b)(x) > 0}. Then we can obtain:
Theorem 5.10. An equivalence relation ρ is a fuzzy hypercongruence on a fuzzy hyperlattice (L,×,+) if and only if ρ is a
hypercongruence on corresponding hyperlattice (L,⊗,⊕).
Proof. Set aρa′, bρb′, where a, a′, b, b′ ∈ L. We have that (a× b)ρ¯(a′× b′) and (a+ b)ρ¯(a′+ b′) if and only if the following
conditions hold:
(1) ∀x ∈ L, if (a× b)(x) > 0, then there exists y ∈ L, such that (a′ × b′)(y) > 0 and xρy;
(2) ∀s ∈ L, if (a′ × b′)(s) > 0, then there exists t ∈ L, such that (a× b)(t) > 0 and sρt;
(3) ∀x ∈ L, if (a+ b)(x) > 0, then there exists y ∈ L, such that (a′ + b′)(y) > 0 and xρy;
(4) ∀s ∈ L, if (a′ + b′)(s) > 0, then there exists t ∈ L, such that (a+ b)(t) > 0 and sρt .
These conditions are equivalent to the following ones:
(1) ∀x ∈ L, if x ∈ a⊗ b, then there exists y ∈ a′ ⊗ b′, such that xρy;
(2) ∀s ∈ L, if s ∈ a′ ⊗ b′, then there exists t ∈ a⊗ b, such that sρt;
(3) ∀x ∈ L, if x ∈ a⊕ b, then there exists y ∈ a′ ⊕ b′, such that xρy;
(4) ∀s ∈ L, if s ∈ a′ ⊕ b′, then there exists t ∈ a⊕ b, such that sρt ,
which show that (a⊗ b)ρ¯(a′ ⊗ b′) and (a⊕ b)ρ¯(a′ ⊕ b′). Therefore, ρ is a fuzzy hypercongruence on (L,×,+) if and only
if ρ is a hypercongruence on (L,⊗,⊕). 
From Theorem 5.10, we can see that the study of a fuzzy hypercongruence on a fuzzy hyperlattice is reduced to the study
of a hypercongruence on the corresponding hyperlattice. The role of hypercongruences on hyperlattices is to obtain quotient
structures which are new hyperlattices. Hence, fuzzy hypercongruences on fuzzy hyperlattices can have a similar role, that
one of obtaining new hyperlattices, as follows.
Theorem 5.11. Let ρ be an equivalence relation on a fuzzy hyperlattice (L,×,+) and (L,⊗,⊕) = ψ((L,×,+)) be the
associated hyperlattice. If we define the following hyperoperations on the quotient set L/ρ: for all x¯, y¯, z¯ ∈ L/ρ , x¯⊗¯′y¯ = {z¯|z ∈
x⊗ y} = {z¯|(x× y)(z) > 0} and x¯⊕¯′y¯ = {z¯|z ∈ x⊕ y} = {z¯|(x+ y)(z) > 0}, then (L/ρ, ⊗¯′, ⊕¯′) is a hyperlattice if and only if
ρ is a fuzzy hypercongruence on (L,×,+).
Proof. By Theorems 5.3 and 5.10, we can immediately get the proof. 
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6. Conclusions
In this paper, our main goal is to establish some connections between the class of fuzzy hyperlattices and the class of
hyperlattices. Summarizing the above discussions, we obtain the following results.
(1) The correspondence relations between fuzzy hyperlattices and hyperlattices are discussed.
(2) The connections between the weak homomorphism of a fuzzy hyperlattice and the weak homomorphism of the
corresponding hyperlattice are established.
(3) The relation between the fuzzy hypercongruence on fuzzy hyperlattices and the hypercongruence on corresponding
hyperlattices is obtained.
(4) The interrelations between the (fuzzy) hypercongruence on (fuzzy) hyperlattices and the homomorphism of (fuzzy)
hyperlattices are studied.
(5) The quotient structures of hyperlattices and fuzzy hyperlattices are constructed, respectively.
Our future work on this topic will be focused on the study of algebraic subhyperstructures of fuzzy hyperlattices and
isomorphism theorems of fuzzy hyperlattices.
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